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REALIZATION OF BICOVARIANT DIFFERENTIAL CALCULUS ON
THE LIE ALGEBRA TYPE NONCOMMUTATIVE SPACES
STJEPAN MELJANAC, SASˇA KRESˇIC´–JURIC´, AND TEA MARTINIC´
Abstract. This paper investigates bicovariant differential calculus on noncommutative
spaces of the Lie algebra type. For a given Lie algebra g0 we construct a Lie superalgebra
g = g0⊕ g1 containing noncommutative coordinates and one–forms. We show that g can
be extended by a set of generators TAB whose action on the enveloping algebra U(g) gives
the commutation relations between monomials in U(g0) and one–forms. Realizations of
noncommutative coordinates, one–forms and the generators TAB as formal power series
in a semicompleted Weyl superalgebra are found. In the special case dim(g0) = dim(g1)
we also find a realization of the exterior derivative on U(g0). The realizations of these
geometric objects yield a bicovariant differential calculus on U(g0) as a deformation of
the standard calculus on the Euclidean space.
1. Introduction
This paper investigates construction of a differential calculus on quantum spaces using
realizations of Lie superalgebras. One of the greatest problems in modern physics is for-
mulation of the theory of quantum gravity which consistently unifies Einstein’s general
relativity with quantum mechanics. Einstein’s theory of gravity coupled with Heisenberg’s
uncertainty principle implies that space–time coordinates should satisfy uncertainty rela-
tions ∆xµ∆xν ≥ l
2
P where lP =
√
G~/c3 ≈ 1.62 × 10−35 m is the Planck length [1, 2].
This requires a modification of the usual notion of space–time as a continuum. One of the
possible approaches to a description of space–time at the Planck scale is based on replac-
ing the commutative C∞ algebra of functions on a manifold by a noncommutative (NC)
algebra of operators xˆ1, xˆ2, . . . , xˆn. This motivates the study of differential calculus on
quantum spaces as a proper mathematical tool for investigating physical theories in this
context. Reformulation of the classical notions of differential geometry in the algebraic
language allows us to generalize them to the noncommutative setting [3, 4, 5]. Noncom-
mutativity between coordinates is introduced via commutation relations [xˆµ, xˆν ] = θˆµν(h)
Key words and phrases. Non–commutative spaces, bicovariant differential calculus, Lie superalgebras,
realizations.
1
2 STJEPAN MELJANAC, SASˇA KRESˇIC´–JURIC´, AND TEA MARTINIC´
where θˆµν(h) is an antisymmetric tensor depending on a deformation parameter h ∈ R and
satisfying the classical limit condition limh→0 θˆµν(h) = 0. The algebraic relations between
coordinates lead to different models of NC spaces. The three most commonly studied NC
spaces in the literature are the Moyal space [6, 7], κ–deformed space [8, 9, 10] and Snyder
space [11]. A review of applications of NC spaces in physics can be found in Refs. [12, 13].
The general theory of differential calculus on quantum spaces was initiated and thor-
oughly investigated by Woronowicz in Ref. [3]. For a general associative algebra, Landi
gave a construction of a differential algebra of forms in Ref. [14]. In analogy with classical
differential geometry, Schupp [4] et. al. introduced exterior derivative, inner derivations
and Lie derivative on linear quantum groups. The requirement that the differential cal-
culus is bicovariant and also covariant under the imposed group of symmetries leads to
some dimensionality problems. Sitarz [15] has shown that in order to construct a bicovari-
ant calculus on 3 + 1 dimensional κ–Minkowski space that is also Lorentz covariant, one
has to introduce an extra one–form that has no classical interpretation. Gonera et. al.
generalized this work to n dimensions in Ref. [16]. The differential complex and related
geometric objects on the κ–Minkowski space were developed in Ref. [17]. We note that
for a given NC space the differential calculus is generally not unique. Classification of
bicovariant differential calculi of classical dimension on the κ–Minkowski space was given
in Ref. [18].
In the present work we investigate a bicovariant first order differential calculus (FODC)
on a general Lie algebra type NC space. Our approach uses realizations of Lie superalge-
bras to construct geometric objects as deformations of the corresponding classical notions
on the Euclidean space. It generalizes our previous results on realizations of Lie algebras
in Ref. [19] and some earlier attempts to construct differential algebras on the κ–deformed
space in Refs. [18, 20, 21, 22, 23, 24].
The paper is organized as follows. In Section 2 we outline briefly the construction of
a bicovariant FODC of classical dimension on the enveloping algebra U(g0) where g0 is a
finite dimensional Lie algebra. The generators of U(g0) are interpreted as NC coordinates
satisfying a Lie algebra type commutation relations. Differential forms are introduced by
extending g0 to a Lie superalgebra g = g0⊕g1 satisfying a compatibility condition required
by exterior derivative. Section 3 studies an extension of g by a set of generators TAB which
act on the enveloping algebra U(g). It is shown that the commutation relations between
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one–forms and monomials in U(g0) can be expressed through the action of TAB on U(g).
The Lie superalgebra g can be extended in two canonical ways related by a left–right
duality. In Section 4 we construct realizations of g by representing the generators of g
(NC coordinates and one–forms) as formal power series in a semicompleted Weyl superal-
gebra (Clifford–Weyl algebra). Using an automorphism of the Weyl superalgebra we find
evidence that the Weyl symmetric realization of an arbitrary Lie algebra g0 (see Refs. [19]
and [25]) can be extended to Lie superalgebras considered in this paper. Section 5 deals
with realization of the exterior derivative d on U(g0) in the special case dim(g0) = dim(g1).
We construct d as a deformation of the standard exterior derivative on Rn where the de-
formation parameters are the structure constants of g. The deformed exterior derivative
d is a nilpotent operator satisfying the undeformed Leibniz rule on U(g0). Finally, the
Appendix provides details of some technical computations used in the paper.
2. Bicovariant differential calculus on noncommutative spaces of the Lie
algebra type
Let g0 be a finite–dimensional Lie algebra over K (K = R or C). In this section we
give a general construction of a bicovariant first order differential calculus (FODC) on the
enveloping algebra U(g0). The construction uses extension of g0 to a Lie superalgebra
g = g0 ⊕ g1 and it also motivates the study of realizations of g in later sections. First, let
us describe the Lie superalgebra g. Let Cµνλ denote the structure constants of g0 relative
to a basis X1,X2, . . . ,Xn. Let g1 be a vector space with basis θ1, θ2, . . . , θm. Define the
Z2–graded vector space g = g0⊕g1 with degrees of homogeneous elements given by X¯ = i
if X ∈ gi for i = 0, 1. For future use we adopt the following convention. The lowercase
greek letters α, β, γ, etc. range over the indices of X1,X2, . . . ,Xn and the lowercase latin
letters a, b, c, etc. range over the indices of θ1, θ2, . . . , θm. If n = m, then the indices of
θ1, θ2, . . . , θm will be denoted by lowercase greek letters. Define the Lie superbracket on g
by
[Xµ,Xν ] =
n∑
α=1
CµναXα, [θa,Xν ] =
m∑
b=1
Kaνbθb, [θa, θb] = 0 (1)
for some Kaνb ∈ K. Recall that the bracket [ · , · ] is graded skew–symmetric, [X,Y ] =
−(−1)X¯Y¯ [Y,X], and it satisfies the graded Jacobi identity
(−1)X¯Z¯ [X, [Y,Z]] + (−1)Y¯ X¯ [Y, [Z,X]] + (−1)Z¯Y¯ [Z, [X,Y ]] = 0 (2)
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for all X,Y,Z ∈ g. This implies that the structure constants satisfy Cµνα = −Cνµα and
n∑
ρ=1
(
CµαρCρβν + CαβρCρµν + CβµρCραν
)
= 0, (3)
m∑
b=1
(
KaνbKbµc −KaµbKbνc
)
+
n∑
ρ=1
CµνρKaρc = 0. (4)
The enveloping algebra U(g) is generated by Xµ and θa subject to relations
XµXν −XνXµ =
n∑
α=1
CµναXα, (5)
θaXµ −Xµθa =
m∑
b=1
Kaµbθb, (6)
θaθb + θbθa = 0. (7)
To simplify the notation we shall often identify the elements of g with their canonical
images in U(g). The generators X1,X2, . . . ,Xn are interpreted as coordinates on the NC
space defined by the Lie algebra relations (5) and θ1, θ2, . . . , θm are interpreted as one–
forms on this space. In general, n 6= m since the number of one–forms may not equal the
number of coordinates (see Ref. [15]).
We now explain the construction of FODC of classical dimension on the enveloping
algebra U(g0). In this case we assume n = m. Let (∆, ǫ, S) denote the primitive Hopf
structure on U(g0). The algebra U(g0) may be considered as a quantum space for it-
self since the coproduct ∆: U(g0) → U(g0) ⊗ U(g0) is both a left and right corepresen-
tation as well as an algebra homomorphism (for details see Ref. [26]). Recall that a
first order differential calculus over U(g0) is a U(g0)–bimodule Γ together with a linear
map d : U(g0) → Γ such that d satisfies the Leibniz rule d(XY ) = (dX)Y + XdY and
Γ = spanK{XdY | X,Y ∈ U(g0)}. The differential calculus is said to be bicovariant if
there exists a left coaction ∆L : Γ→ U(g0)⊗ Γ such that
∆L(XωY ) = ∆(X)∆L(ω)∆(Y ), ∆L(XdY ) = ∆(X)(id ⊗ d)∆(Y ) (8)
and a right coaction ∆R : Γ→ Γ⊗ U(g0) such that
∆R(XωY ) = ∆(X)∆R(ω)∆(Y ), ∆R(XdY ) = ∆(X)(d ⊗ id)∆(Y ) (9)
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for all X,Y ∈ U(g0), ω ∈ Γ. The left and right coactions are required to satisfy the
commutativity condition
(id⊗∆R) ◦∆L = (∆L ⊗ id) ◦∆R. (10)
We define the bimodule Γ = ⊕nα=1U(g0)θα as a free left U(g0)–module with basis θ1, θ2, . . . , θn
and introduce the right module structure by Eq. (6). Define the linear map d : U(g0)→ Γ
by dXµ = θµ and extended it to U(g0) by the Leibniz rule d(XY ) = (dX)Y + XdY for
all X,Y ∈ U(g0). Compatibility of the Leibniz rule with relation (5) requires that the
structure constants of g satisfy the additional condition
Kµνα −Kνµα = Cµνα. (11)
Define the left coaction ∆L : Γ→ U(g0)⊗ Γ by ∆L(θµ) = 1⊗ θµ and ∆L(X) = ∆(X) for
all X ∈ U(g0) where ∆(Xµ) = 1 ⊗ Xµ + Xµ ⊗ 1 is the primitive coproduct. The right
coaction is defined analogously except that ∆R(θµ) = θµ ⊗ 1. It is easily verified that ∆L
and ∆R are well–defined on Γ since the defining relations (6) are in the kernels of ∆L and
∆R. Furthermore, one easily checks that they satisfy the conditions (8)–(10) where (10)
follows from the coassociativity of the coproduct ∆.
As an example, consider the κ–deformed space defined by
[Xµ,Xν ] = i(aµXν − aνXµ), aµ ∈ R, 1 ≤ µ, ν ≤ n. (12)
This is a Lie algebra with structure constants Cµνλ = i(aµδνλ−aνδµλ). It has applications
in deformed (doubly) special relativity theory [27], quantum gravity [28] and quantum
field theory [29]. Differential calculi on the κ–deformed space were classified in Ref. [18].
There it was shown that for a given deformation vector a ∈ Rn, a 6= 0, there are three
nonequivalent families of differential calculi specified by the structure constants
Kµνλ = i
c
|a|2
aµaνaλ − iδµλaν , (13)
Kµνλ = i
c
|a|2
aµaνaλ − icδµλaν + i(1 − c)δνλaµ, (14)
Kµνλ = i
c
|a|2
aµaνaλ − i(1 + c)δµνaλ − iδµλaν , (15)
where c ∈ R is a free parameter. When the space deformation vanishes, i.e. a = 0, the
structure constants satisfy lima→0Kµνλ = 0. This example demonstrates that for a given
noncommutative space the differential calculus is not unique even in the classical case
n = m.
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3. Extensions of the Lie superalgebra g = g0 ⊕ g1 and left–right duality
In Woronowicz’s noncommutative differential calculus the commutation relations be-
tween functions and one–forms are given by an action of the Hopf dual of the underlying
Hopf algebra [3, 5]. Our approach uses an extension of the Lie superalgebra (1) by a set
of generators whose action on U(g) determines the commutation relations between one–
forms and monomials in U(g0). In the present considerations we assume that n 6= m in
general. At this point it is useful to introduce the following notation. The uppercase latin
letters A,B,C, etc. range over the indices of the entire basis of g. With this convention,∑
A =
∑
α+
∑
a where
∑
α and
∑
a are the summations over the indices of X1, . . . ,Xn
and θ1, . . . , θm, respectively. Let us denote the basis of g by ZA: Zα = Xα and Zn+a = θa.
Then the commutation relations (5)–(7) can be written as [ZA, ZB ] =
∑
J CABJ ZJ where
[ZA, ZB ] = ZAZB − (−1)
Z¯AZ¯BZBZA and the structure constants CABJ are given by the
following table:
Cµνλ = Cµνλ, Cµνa = 0, (16)
Cµaν = 0, Cµab = −Kaµb, (17)
Caµν = 0, Caµb = Kaµb, (18)
Cabµ = 0, Cabc = 0. (19)
Now, let gL be the vector space over K with basis {ZA, TAB | 1 ≤ A,B ≤ n +m} where
TAB are the elements of the block matrix
T =

T 111 . . . T
1
1n T
2
11 . . . T
2
1m
...
...
...
...
T 1n1 . . . T
1
nn T
2
n1 . . . T
2
nm
0 . . . 0 T 411 . . . T
4
1m
...
...
...
...
0 . . . 0 T 4m1 . . . T
4
mm

(20)
(where T 3aµ = 0). Define the degrees of TAB by T
1
µν = T
4
ab = 0 and T
2
µa = 1, and introduce
the Lie superbracket on gL by
[ZA, ZB ] =
∑
J
CABJ ZJ , [TAB , TCD] = 0, [TAB , ZC ] =
∑
J
CACJTJB . (21)
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Explicitly, we have
[T 1µν ,Xλ] =
∑
ρ
CµλρT
1
ρν , [T
1
µν , θa] = 0, (22)
[T 2µa,Xλ] =
∑
ρ
CµλρT
2
ρa, [T
2
µa, θb] = −
∑
c
KbµcT
4
ca, (23)
[T 4ab,Xλ] =
∑
c
KaλcT
4
cb, [T
4
ab, θc] = 0. (24)
Using the Jacobi identities (3)–(4) it is straightforward to verify that gL = gL0 ⊕ g
L
1 is
a Lie superalgebra where gL0 = spanK{Xµ, T
1
µν , T
4
ab | 1 ≤ µ, ν ≤ n, 1 ≤ a, b ≤ m} and
gL1 = spanK{θa, T
2
µa | 1 ≤ µ ≤ n, 1 ≤ a ≤ m} are the even and odd parts of g
L, respectively.
The following theorem is a generalization of the result on extensions of Lie algebras given
in Ref. [19].
Theorem 1. There exists a left action ◮ : U(gL)⊗ U(g)→ U(g), defined by
1 ◮ X = X, ZA ◮ X = ZAX, TAB ◮ 1 = δAB , X ∈ U(g), (25)
such that
TAB ◮ (XY ) =
∑
C
(TAC ◮ X)(−1)
TCB X(TCB ◮ Y ) (26)
for all X,Y ∈ U(g).
Sketch of proof. We note that the action of TAB on the generators ZC is determined by
the commutation relations (21) between TAB and ZC . Indeed, acting by the third relation
in (21) on 1 ∈ U(g) and using the normalization condition TAB ◮ 1 = δAB we find
TAB ◮ ZC = (−1)
TAB ZCδABZC + CACB . (27)
Explicitly,
T 1µν ◮ Xλ = δµνXλ + Cµλν , T
1
µν ◮ θa = δµνθa, (28)
T 2µa ◮ Xλ = 0, T
2
µa ◮ θb = −Kbµa, (29)
T 4ab ◮ Xλ = δabXλ +Kaλb, T
4
ab ◮ θc = δabθc. (30)
The action of TAB on higher order monomials is given by Eq. (26) which is proved by
induction on deg(X). To this end, we need the following auxiliary result. Applying the
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Leibniz rule to the supercommutator [TAB,XY ] we find
[TAB ,XY ] ◮ 1 =
(
[TAB ,X]Y + (−1)
TAB X X [TAB, Y ]
)
◮ 1
= [TAB ,X] ◮ Y + (−1)
TAB X X (TAB ◮ Y )− (−1)
TABXY (TAB ◮ 1).
(31)
On the other hand, expanding [TAB ,XY ] we obtain
[TAB ,XY ] ◮ 1 = TAB ◮ (XY )− (−1)
TAB XY XY (TAB ◮ 1). (32)
Comparing expressions (31) and (32) we find that
TAB ◮ (XY ) = [TAB ,X] ◮ Y + (−1)
TAB X X (TAB ◮ Y ). (33)
Now, using Eqs. (28)–(30) and Eq. (33) one shows by induction on deg(X) that the action
of the block elements of [TAB ] is given by
T 1µν ◮ (XY ) =
n∑
α=1
(T 1µα ◮ X)(T
1
αν ◮ Y ), (34)
T 2µb ◮ (XY ) =
m∑
a=1
(T 2µa ◮ X)(T
4
ab ◮ Y ) + (−1)
X¯
n∑
α=1
(T 1µα ◮ X)(T
2
αb ◮ Y ), (35)
T 4ac ◮ (XY ) =
m∑
b=1
(T 4ab ◮ X)(T
4
bc ◮ Y ). (36)
It is easily verified that Eqs. (34)–(36) can be collected into the single expression (26).
In the next step we prove that the defining relations (5)–(7) of U(g) are contained in
the kernel of the action ◮. This is obvious for the action of ZA, hence we only consider
the action of TAB. To illustrate the point, we prove the claim for T
2
λa. Using Eqs. (29)
and (35) one immediately finds
T 2λa ◮
(
[Xµ,Xν ]−
n∑
ρ=1
CµνρXρ
)
= 0. (37)
For the defining relation (6) we compute
T 2λb ◮ (θaXµ) = −KaλbXµ −
m∑
c=1
KaλcKcµb. (38)
Similarly,
T 2λb ◮ (Xµθa) = −KaλbXµ −
n∑
ρ=1
CλµρKaρb (39)
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which yields
T 2λb ◮ [θa,Xµ] =
n∑
ρ=1
CλµρKaρb −
m∑
c=1
KaλcKcµb. (40)
Now, from Eqs. (40) and (29) we have
T 2λb ◮
(
[θa,Xµ]−
m∑
c=1
Kaµcθc
)
=
n∑
ρ=1
CλµρKaρb +
∑
c
(
KaµcKcλb −KaλcKcµb
)
= 0 (41)
where we used the Jacobi identity (4). Finally, regarding the last defining relation (7) we
note that
T 2λc ◮ (θaθb) = Kbλcθa −Kaλcθb (42)
which implies T 2λc ◮ [θa, θb] = 0. Similar arguments apply to the actions of T
1
µν and T
4
ab.
In the final step it is necessary to prove that the action ◮ is also consistent with relations
(21), i.e. that
[TAB , TCD] ◮ X = 0 and
(
[TAB , ZC ]−
∑
J
CACJTJB
)
◮ X = 0 (43)
for all X ∈ U(g). This is done by induction on deg(X) using relations (34)–(36). 
The action of TAB defined in Theorem 1 gives the commutation relations between the
generators of U(g) and elements of the subalgebra U(g0). This is a consequence of the
following result.
Proposition 1. For any X ∈ U(g0) we have
ZAX =
∑
B
(TAB ◮ X)ZB . (44)
Proof. We prove the claim by induction on deg(X). Let X = Xµ. If ZA = Xα, then
using the first two relations in (28) and (29) one finds that XαXµ =
∑
B(TαB ◮ Xµ)ZB .
Similarly, if ZA = θa, the first relation in (30) yields θaXµ =
∑
B(TaB ◮ Xµ)ZB where we
have taken into account that T 3aβ = 0. Assume that Eq. (44) holds for all monomials X
with deg(X) ≤ n. Then, in view of Theorem 1 we have
ZA(XµX) =
(∑
B
(TAB ◮ Xµ)ZB
)
X =
∑
B
(TAB ◮ Xµ)
∑
C
(TBC ◮ X)ZC
=
∑
C
[∑
B
(TAB ◮ Xµ)(TBC ◮ X)
]
ZC =
∑
C
(
TAC ◮ (XµX)
)
ZC . (45)
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Hence, Eq. (44) holds for all monomials X ∈ U(g0) and extends linearly to U(g0). 
In the special case when ZA = θa Eq. (44) yields
θaX =
m∑
b=1
(T 4ab ◮ X)θb, X ∈ U(g0). (46)
We note that T 4ab ◮ X = δabX + pab(X) where pab(X) ∈ U(g0) is a polynomial with
deg(pab(X)) < deg(X). Thus, the action of T
4
ab gives the commutation relations between
one–forms and functions on the quantum space U(g0).
Relation (44) can also be interpreted as follows. If X is a monomial in U(g0), then
shifting ZA to the far right in the product ZAX generates polynomials QAB(X) ∈ U(g0)
such that ZAX =
∑
B QAB ZB where QAB(X) = TAB ◮ X. Now consider the dual
problem. If ZA is shifted to the far left in XZA, this generates polynomials Q˜BA(X) such
that XZA =
∑
B ZB Q˜BA(X). One can show that the Lie superalgebra g can be extended
by operators SAB such that Q˜BA(X) = SAB ◮ X. This extension, denoted g
R, is defined
by
[SAB, SCD] = 0, [SAB, ZC ] = −
∑
J
CJCB SAJ . (47)
In analogy with Theorem 1, the enveloping algebra U(gR) acts on U(g) by 1 ◮ X = X,
ZA ◮ X = ZAX, SAB ◮ 1 = δAB and
SAB ◮ (XY ) =
∑
C
(SCB ◮ X)(−1)
S¯AC X¯(SAC ◮ Y ) (48)
for all X,Y ∈ U(g). Furthermore, for any X ∈ U(g0), the shift of ZA to the far left is
given by
XZA =
∑
B
ZB(SAB ◮ X). (49)
In view of this property, we refer to TAB and SAB as the left and right shift operators,
respectively. We remark that the algebra U(g) can be extended by both sets of generators
TAB and SAB such that ∑
J
SAJTJB =
∑
J
TAJSJB = δJB. (50)
Hence, S = [SAB] is the formal inverse of the matrix T = [TAB ].
We remark that the operators TAB and SAB do not have a direct physical meaning.
Rather, they provide a tool for computing the commutation relations between forms and
functions on the underlying NC space. They are also used to write a given monomial
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X ∈ U(g0) in the PBW basis using Eq. (44) which facilitates computation in the extended
algebra U(g). A realization of TAB in terms of differential operators is presented in Section
4.
4. Realizations of the Lie superalgebra g = g0 ⊕ g1
In this section we consider realizations of the Lie superalgebra g = g0 ⊕ g1 by formal
power series in a semicompleted Weyl superalgebra (Clifford–Weyl algebra). These re-
alizations are used in Section 5 to obtain the bicovariant calculus from Section 2 as a
deformation of the standard differential calculus on the Euclidean space Rn. The Weyl
superalgebra A(n,m) is generated by four sets of generators xµ, ∂µ, ξa, qa, 1 ≤ µ ≤ n,
1 ≤ a ≤ m, with degrees defined by x¯µ = ∂¯µ = 0 and ξ¯a = q¯a = 1. The supercommutator
on A(n,m) is given by [x, y] = xy − (−1)
x¯y¯yx and the generators are subject to relations
[∂µ, xν ] = δµν , [qa, ξb] = δab (51)
with all other relations between the generators being zero. The supercommutator satisfies
the graded Jacobi identity (2). Let Aˆ(n,m) denote the semicompletion of A(n,m) which
contains formal power series in ∂µ and qa, but only polynomial expressions in xµ and ξa.
First, we recall some relevant result from Refs. [19] and [25]. According to Eq. (1) the
Lie algebra g0 is defined by the commutation relations [Xµ,Xν ] =
∑n
α=1 CµναXα. Let C
be the matrix given by Cµν =
∑n
α=1 Cµαν ∂α and let ψ(t) be the generating function for
the Bernoulli numbers Bk,
ψ(t) =
t
1− e−t
=
∞∑
k=0
Bk
(−1)k
k!
tk. (52)
Then the map
Xµ 7→ xˆµ =
n∑
α=1
xαψ(C)µα (53)
is a realization of g0. It is called the Weyl symmetric realization since it corresponds to
the Weyl symmetric ordering on the enveloping algebra U(g0). For the κ–deformed space
defined by Eq. (12) examples of different realizations and their applications in physics can
be found in Refs. [30, 31], and for more general noncommutative spaces in Ref. [32].
The following is a generalization of the above result to the Lie superalgebra g = g0⊕ g1
defined by Eq. (1).
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Proposition 2. Define a linear map ϕ : g→ Aˆ(n,m) on the basis of g by
ϕ(Xµ) =
n∑
α=1
xαψ(C)µα −
m∑
a,b=1
Kbµaξaqb, ϕ(θa) = ξa. (54)
Then ϕ is a realization of g.
Proof. Let us denote xˆµ = ϕ(Xµ) and θˆa = ϕ(θa). Obviously, [θˆa, θˆb] = [ξa, ξb] =
0. According to Eq. (53), the Weyl symmetric realization of g0 is given by xˆ
′
µ =∑n
α=1 xαψ(C)µα, hence [xˆ
′
µ, xˆ
′
ν ] =
∑n
ρ=1Cµνρ xˆ
′
ρ. This implies
[xˆµ, xˆν ] =
[
xˆ′µ −
m∑
a,b=1
Kbµa ξaqb, xˆ
′
ν −
m∑
k,l=1
Klνk ξkql
]
(55)
=
n∑
ρ=1
Cµνρ xˆ
′
ρ +
m∑
a,b=1
( m∑
l=1
(KbνlKlµa −KbµlKlνa)
)
ξaqb. (56)
Using the Jacobi identity (4) we find
[xˆµ, xˆν ] =
n∑
ρ=1
Cµνρ
(
xˆ′ρ −
m∑
a,b=1
Kbρa ξaqb
)
=
n∑
ρ=1
Cµνρ xˆρ. (57)
Furthermore, one easily verifies that
[θˆa, xˆµ] =
[
ξa, xˆ
′
µ −
m∑
k,l=1
Klµk ξkql
]
=
m∑
k=1
Kaµk θˆk. (58)
Thus, xˆµ and θˆa satisfy relations (1). 
We refer to Eq. (54) as the Weyl–linear realization of g. This realization can be extended
to the Lie superalgebra gL which includes the shift operators TAB defined by Eq. (21).
Theorem 2. Let ϕ : gL → Aˆ(n,m) be a linear map defined on the basis of g
L by
ϕ(Xµ) =
n∑
α=1
xαψ(C)µα −
m∑
a,b=1
Kbµaξaqb, ϕ(θa) = ξa, (59)
ϕ(T 1µν) = (e
C)µν , ϕ(T
2
µa) = −
m∑
b,c=1
Kbµc (e
K)ca qb, ϕ(T
4
ab) = (e
K)ab (60)
where K is the matrix Kab =
∑n
ρ=1Kaρb∂ρ. Then ϕ is a realization of g
L.
Proof. Denote Tˆ 1µν = ϕ(T
1
µν), Tˆ
2
µa = ϕ(T
2
µa) and Tˆ
4
ab = ϕ(T
4
ab). In view of Proposition
2, the restriction ϕ |g : g → Aˆ(n,m) is a realization of the Lie superalgebra g. Since the
realizations of the shift operators clearly commute, [TˆAB , TˆCD] = 0, it remains to prove
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that TˆAB and ZˆC satisfy relations (22)–(24). Denote xˆ
′
λ =
∑n
α=1 xαψ(C)λα. It was shown
in Ref. [19] (cf. Theorem 3) that xˆ′λ and Tˆ
1
µν satisfy [Tˆ
1
µν , xˆ
′
λ] =
∑n
ρ=1Cµλρ Tˆ
1
ρν . This
implies
[Tˆ 1µν , xˆλ] =
[
Tˆ 1µν , xˆ
′
λ −
m∑
a,b=1
Kbµa ξaqb
]
=
n∑
ρ=1
Cµλρ Tˆ
1
ρν . (61)
Furthermore,
[Tˆ 1µν , θˆa] =
[
(eC)µν , ξa
]
= 0 (62)
since [∂µ, ξa] = 0. Regarding the shift operator Tˆ
4
ab, we have
[Tˆ 4ab, xˆλ] =
n∑
ρ=1
[
(eK)ab, xρψ(C)λρ
]
=
n∑
ρ=1
∂
∂∂ρ
(eK)ab ψ(C)λρ. (63)
It is proved in Lemma 1 (see Appendix) that the above expression reduces to
n∑
ρ=1
∂
∂∂ρ
(eK)ab ψ(C)λρ =
m∑
c=1
Kaλc (e
K)cb. (64)
As a result, we find that
[Tˆ 4ab, xˆλ] =
m∑
c=1
Kaλc Tˆ
4
cb. (65)
In addition,
[Tˆ 4ab, θˆc] =
[
(eK)ab, ξc
]
= 0. (66)
To find the commutation relations for Tˆ 2µa, we compute
[Tˆ 2µa, xˆλ] = −
m∑
c,d=1
Kdµc
(
(eK)ca [qd, xˆλ] +
[
(eK)ca, xˆλ
]
qd
)
. (67)
Using the relation [qd, xˆλ] = −
∑m
b=1Kbλd qb and substituting Eq. (65) into Eq. (67) we
obtain
[Tˆ 2µa, xˆλ] =
m∑
b,c=1
m∑
d=1
(KbλdKdµc −KbµdKdλc)(e
K)ca qb. (68)
It follows from the Jacobi identity (4) that the above expression can be written as
[Tˆ 2µa, xˆλ] =
n∑
ρ=1
Cµλρ
(
−
m∑
b,c=1
Kbρc (e
K)ca qb
)
=
n∑
ρ=1
Cµλρ Tˆ
2
ρa. (69)
Finally, the remaining relation yields
[Tˆ 2µa, θˆa] = −
m∑
c,d=1
Kdµc (e
K)ca [qd, ξb] = −
m∑
c=1
Kbµc Tˆ
4
ca. (70)
This completes the proof that (59)–(60) is a realization of gL. 
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Let us consider a simple example of differential calculus of classical dimension (n = m)
on the κ–deformed space defined by Eq. (12). (Recall that when n = m, the indices of
θ1, θ2, . . . , θn are denoted by lowercase greek letters). In the special case c = 0 in Eq. (13)
we have Kµνλ = −iδµλaν . This corresponds to the algebra S1 in Ref. [18],
[θµ,Xν ] = −iaνθµ. (71)
It was shown in Ref. [19] (see also Ref. [31]) that the Weyl symmetric realization of the
Lie algebra (12) is given by
xˆ′µ =
n∑
α=1
xαψ(C)µα = xµ
A
eA − 1
+ iaµ(x · ∂)
(
1
A
−
1
eA − 1
)
(72)
where A = i
∑n
ν=1 aν∂ν . Therefore, the Weyl–linear realization (59) yields
xˆµ = xˆ
′
µ −
n∑
α,β=1
Kβµαξαqβ = xµ
A
eA − 1
+ iaµ(x · ∂)
(
1
A
−
1
eA − 1
)
+ iaµ
n∑
α=1
ξαqα. (73)
It was also shown in Ref. [19] that the shift operator Tˆ 1µν is given by
Tˆ 1µν = δµν e
−A − iaµ∂ν
eA − 1
A
. (74)
In order to find the realizations of T 2µν and T
4
µν we note that e
K = e−AI where I is the
n× n unit matrix. Hence, using Eq. (60) we find
Tˆ 2µν = iaµ e
−Aqν, Tˆ
4
µν = δµν e
−A. (75)
4.1. Similarity transformation and Weyl symmetric realization. Different real-
izations of Lie superalgebras can be obtained by using automorphisms of the algebra
Aˆ(n,m). In this section we consider a particular example of such transformation that
leads to an important conjecture about realizations of the Lie superalgebras defined by
Eq. (1). Let x˜µ, ∂˜µ, ξ˜a, q˜a, 1 ≤ µ ≤ n, 1 ≤ a ≤ m, denote a set of generators of the
Weyl superalgebra Aˆ(n,m). Let C˜ and K˜ be the matrices defined by C˜µν =
∑n
ρ=1Cµρν ∂˜ρ
and K˜ab =
∑n
ρ=1Kaρb∂˜ρ. Consider an automorphism φ : Aˆ(n,m) → Aˆ(n,m) defined by
φ(u) = SuS−1 where S = exp
(∑m
a,b=1 ξ˜aq˜b (lnM)ba
)
and M is the matrix given by
M = ψ(K˜) =
K˜
1− e−K˜
. (76)
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Let xµ, ∂µ, ξa, qa be the images of the generators x˜µ, ∂˜µ, ξ˜a, q˜a under the transformation φ.
It is shown in Lemma 2 (see Appendix) that the transformation is explicitly given by
xµ = x˜µ +
m∑
a,b=1
ξ˜aq˜b
(
M−1
∂M
∂∂˜µ
)
ba
, ∂µ = ∂˜µ, (77)
ξa =
m∑
b=1
ξ˜bMab, qa =
m∑
b=1
q˜bM
−1
ba . (78)
Since φ is an automorphism, the elements xµ, ∂µ, ξa, qb, 1 ≤ µ ≤ n, 1 ≤ a ≤ m, are
also generators of Aˆ(n,m) satisfying the same defining relations. Hence, by substituting
expressions (77)–(78) into Eq. (54) we obtain a new realization of the Lie superalgebra g:
ϕ(Xµ) =
n∑
α=1
x˜αψ(C˜)µα +
m∑
a,b=1
ξ˜aq˜bHbµa(∂˜), (79)
ϕ(θa) =
m∑
b=1
ξ˜bMab, (80)
where
Hbµa(∂˜) =
m∑
c=1
M−1bc
( n∑
ρ=1
∂Mca
∂∂˜ρ
ψ(C˜)µρ −
m∑
d=1
KcµdMda
)
. (81)
It is interesting to note that there is a close relationship between the realization (79)–(80)
and the extension of the Weyl symmetric formula (53) to the Lie superalgebra g defined by
Eq. (1). To see this, denote D˜ = (∂˜1, . . . , ∂˜n, q˜1, . . . , q˜m) and z˜ = (x˜1, . . . , x˜n, ξ˜1, . . . , ξ˜m),
and let C˜ be the (n+m)× (n+m) matrix defined by
C˜AB =
∑
J
CAJBD˜J (82)
where CAJB are the structure constants of g given by (16)–(19). By analogy with Eq.
(53), let us define a linear map ϕ˜ : g→ Aˆ(n,m) on the basis of g by
ϕ˜(ZA) =
∑
B
z˜B ψ(C˜)AB . (83)
It is fairly difficult to show by direct computation that ϕ˜ is a realization of g, but an
argument in favor of this conjecture can be given as follows. The matrix C˜ has the block–
triangular form
C˜ =
C˜ L˜
0 K˜
 (84)
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where L˜µa = −
∑m
b=1Kbµaq˜b. Hence, the matrix ψ(C˜) is given by
ψ(C˜) =
ψ(C˜) F˜
0 ψ(K˜)
 (85)
where
F˜ =
∞∑
k=1
k∑
l=1
(−1)k
k!
Bk C˜
k−l L˜ K˜l−1. (86)
The elements of the matrix F˜ are of the form
F˜µa =
m∑
b=1
q˜bPbµa(∂˜) (87)
where Pbµa(∂˜) is a formal power series depending on the structure constants Cµνλ and
Kaµb. Substituting Eqs. (85) and (87) into Eq. (83) we find that ϕ˜(ZA) is explicitly given
by
ϕ˜(Xµ) =
n∑
α=1
x˜α ψ(C˜)µα +
m∑
a,b=1
ξ˜a q˜bPbµa(∂˜), (88)
ϕ˜(θa) =
m∑
b=1
ξ˜b ψ(K˜)ab. (89)
Comparing Eqs. (79)–(80) with (88)–(89) we see that ϕ(θa) = ϕ˜(θa) since Mab = ψ(K)ab,
and ϕ(Xµ) = ϕ˜(Xµ) provided Hbµa(∂˜) = Pbµa(∂˜). Since it is difficult to prove in full
generality that Hbµa = Pbµa, we consider the power series expansion for Hbµa and Pbµa.
A lengthly but straightforward computation using Eq. (81) shows that the first order
approximation of Hbµa is given by
Hbµa(∂˜) ≈ −
1
2
Kbµa +
n∑
α=1
− 5
12
m∑
c=1
KbµcKcαa +
1
3
m∑
c=1
KbαcKcµa +
1
4
n∑
ρ=1
CµαρKbρa
 ∂˜α.
(90)
Using the Jacobi identity (4), the above approximation can be transformed into a simplified
form
Hbµa(∂˜) ≈ −
1
2
Kbµa −
1
12
n∑
α=1
 n∑
ρ=1
CµαρKbρa +
m∑
c=1
KbµcKcαa
 ∂˜α. (91)
On the other hand, approximation of the matrix F˜ in Eq. (86) to first order in ∂˜α yields
F˜ ≈
m∑
b=1
qb
−1
2
Kbµa −
1
12
n∑
α=1
 n∑
ρ=1
CµαρKbρa +
m∑
c=1
KbµcKcαa
 ∂˜α
 , (92)
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hence Pbµa = Hbµa to first order in ∂˜α. Based on this computation we conjecture that Eq.
(83) is indeed a realization of g obtained by extending the Weyl symmetric realization of
g0 to the Lie superalgebras defined by Eq. (1). A full proof of this conjecture will be
considered elsewhere.
5. Relization of the exterior derivative in the special case n = m
In this section we construct the bicovariant differential calculus from Section 2 as a
deformation of the standard differential calculus on the Euclidean space Rn. Here we
assume that n = m, i.e. the number of coordinates Xµ is equal to the number of one–
forms θµ. Note that in this case the condition (11) holds. Starting with the Weyl–linear
realization (54) we want to find a realization of the exterior derivative d : U(g0) → Γ.
First, let us rephrase the differential calculus on Rn in a more algebraic language. In
the undeformed case, U(g0) is simply the algebra A ⊂ Aˆ(n,n) generated by commutative
coordinates x1, x2, . . . , xn. Since ξµξν = −ξνξµ, the generators ξµ are interpreted as one–
forms on Rn. The algebra of differential forms is a graded algebra Ω = ⊕nk=0Ω
k where
Ω0 = A and Ωk = span
{
f ξµ1ξµ2 . . . ξµk | f ∈ A, 1 ≤ µ1 < µ2 . . . < µk ≤ n
}
. The
exterior derivative is a degree–one map d : Ωk → Ωk+1 such that d2 = 0 and d(ωη) =
(dω)η+(−1)kω dη for ω ∈ Ωk and η ∈ Ω. For zero–forms, the map d : Ω0 → Ω1 is realized
as d = [
∑n
α=1 ξα∂α, · ] since df =
[∑n
α=1 ξα∂α, f
]
=
∑n
α=1
∂f
∂xα
ξα (where [ · , · ] is defined
by Eq. (51)). This suggests that for a given realization of Xµ and θµ we should define
d : U(g0) → Γ as a map d = [dˆ, · ] for some element dˆ ∈ Aˆ(n,n). Since dˆ is a deformation
of dˆ0 =
∑n
α=1 ξα∂α, we assume that
dˆ =
n∑
α=1
ξαΛα(∂) (93)
where Λα(∂) = ∂α + O(∂
2) is a formal power series in ∂1, ∂2, . . . , ∂n (if the structure
constants of g vanish, then Λα(∂) = ∂α). The function Λα(∂) is uniquely determined by
the condition dxˆµ = [dˆ, xˆµ] = θˆµ. Using the realization (54) (with n = m) we find
[dˆ, xˆµ] =
n∑
α=1
[ n∑
β=1
∂Λα
∂ ∂β
ψ(C)µβ +
n∑
β=1
KβµαΛβ(∂)
]
. (94)
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The condition [dˆ, xˆµ] = θˆµ implies that the functions Λα(∂) satisfy a system of partial
differential equations
n∑
β=1
∂Λα
∂ ∂β
ψ(C)µβ +
n∑
β=1
KβµαΛβ(∂) = δαµ (95)
with initial condition Λα(0) = 0. Multiplying Eq. (95) by ∂µ and summing over µ we
obtain
n∑
β=1
∂Λα
∂ ∂β
( n∑
µ=1
ψ(C)µβ ∂µ
)
+
n∑
β=1
KβαΛβ(∂) = ∂α (96)
where Kβα =
∑n
µ=1Kβµα∂µ. Since the structure constants are antisymmetric, Cµνα =
−Cνµα, one easily shows by induction on k that
∑n
µ=1(C
k)µβ ∂µ = 0 for all k ≥ 1. Hence,
expanding ψ(C) into power series we find
∑n
µ=1 ψ(C)µβ ∂µ = ∂β. Therefore, Eq. (96)
takes the form
n∑
β=1
∂Λα
∂ ∂β
∂β +
n∑
β=1
Kβα Λβ(∂) = ∂α. (97)
We note that the differential equation (97) is obtained from
d
dt
Λα(t∂) +
n∑
β=1
Kβα Λβ(t∂) = ∂α (98)
when the left–hand side of (98) is evaluated at t = 1. Hence, it suffices to find a solution
of Eq. (98) satisfying Λα(0) = 0. We look for the solution as a power series in t,
Λα(t∂) =
∞∑
k=0
Λ(k)α (∂) t
k, (99)
and substitute it into Eq. (98) to find a recurrence relation for Λ
(k)
α :
Λ(k+1)α = −
1
k + 1
n∑
β=1
Kβα Λ
(k)
β , k ≥ 1, (100)
where Λ
(0)
β = 0 and Λ
(1)
β = ∂β. The solution of the recurrence relation is given by
Λ(k)α =
(−1)k−1
k!
n∑
β=1
(Kk−1)βα ∂β, k ≥ 1. (101)
As a result, the solution of Eq. (98) is given by
Λα(t∂) =
n∑
β=1
[ ∞∑
k=1
(−1)k−1
k!
(tK)k−1
]
βα
(t∂β) =
n∑
β=1
(1− e−tK
K
)
βα
∂β . (102)
DIFFERENTIAL CALCULUS ON THE LIE AGLEBRA TYPE NONCOMMUTATIVE SPACES 19
Evaluating Eq. (102) at t = 1 and substituting the resulting expression into Eq. (93) we
obtain
dˆ =
n∑
α,β=1
(1− e−K
K
)
βα
ξα∂β . (103)
The lowest order deformation of dˆ0 =
∑
α ξα∂α is given by
dˆ ≈
n∑
α=1
ξα∂α −
1
2
n∑
α,β,ρ=1
Kβαρ ξρ∂α∂β . (104)
It is important to note, however, that dˆ can be expressed in the variables ξ˜α and ∂˜α as
dˆ =
∑n
α=1 ξ˜α∂˜α where ξ˜α and ∂˜α are related to ξα and ∂α by the similarity transformations
(77)–(78). Thus, in the new variables, the exterior derivative dˆ is undeformed. Examples
of differential calculi (of classical and non-classical dimension) on the κ–deformed space
and their realizations can be found in Refs. [18, 20, 21, 22, 23, 24].
Finally, we note that the exterior derivative d = [dˆ, · ] satisfies (i) the Leibniz rule
d(fˆ gˆ) = (dfˆ)gˆ+ fˆdgˆ and (ii) the nilpotency condition d2fˆ = 0 for all monomials fˆ = fˆ(xˆ)
and gˆ = gˆ(xˆ). The nilpotency of d follows from the graded Jacobi identity
[dˆ, [dˆ, fˆ ]]− [dˆ, [fˆ , dˆ]] + [fˆ , [dˆ, dˆ]] = 0 (105)
which implies d2fˆ = [dˆ, [dˆ, fˆ ]] = 0 since [dˆ, dˆ] = 0. Thus, the realization (93) retains the
usual properties of the undeformed exterior derivative dˆ0.
6. Conclusion
In this paper we have presented a general construction of a first order bicovariant differ-
ential calculus on the Lie algebra type NC space U(g0) where g0 is a finite dimensional Lie
algebra. One–forms θα are introduced by extending g0 to a Lie superalgebra g = g0 ⊕ g1
defined by Eq. (1) and satisfying a compatibility condition required by the exterior deriva-
tive d : U(g0)→ ⊕
n
α=1U(g0)θα. We have shown that the enveloping algebra U(g) admits an
extension by shift operators TAB such that the commutation relations between one–forms
and functions can be expressed in terms of the action of TAB on U(g). In our approach
the geometrical objects are constructed as deformations of the corresponding classical no-
tions on the Euclidean space. This is achieved by using realizations of the generators of
g as formal power series in a Weyl superalgebra. We have constructed realizations of an
arbitrary Lie superalgebra (1), and in the special case dim(g0) = dim(g1) (i.e. differential
calculus of classical dimension) we have also found a realization of the exterior derivative
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d. The operator d is nilpotent and it satisfies the undeformed Leibniz rule on U(g0), as
in the classical case. By using an automorphism of the Weyl superalgebra, we conjecture
that the Weyl symmetric realization (53) can be extended to all Lie superagebras g defined
by Eq. (1).
The differential algebras generated by NC coordinates Xµ and one–forms θµ may have
additional symmetries. It is shown in Ref. [18] that the differential algebras for the κ–
Minkowski space are covariant under certain κ–deformations of the igl(n) algebra. The
differential algebra S1 defined by Eqs. (12) and (71) is covariant under the Lorentz algebra
so(1, n − 1) extended with the dilatation operator D. If we denote the generators of
so(1, n − 1) by Mµν , then
[Mρσ,Xν ] = ησνXρ − ηρνXσ − i(ησνaρ − ηρνaσ)D, [D,Xν ] = Xν − iaνD, (106)
[Mρσ , θν ] = ησνθρ − ηρνθσ, [D, θν ] = θν , (107)
where ηµν = diag(−1, 1, . . . , 1). For a more detailed discussion of the Hopf algebra struc-
ture of the symmetry algebra generated by Mµν and D, which can be obtained from twist,
the reader is referred to Refs. [18, 33, 34]. The method of realizations presented here can
be used to further study geometry on NC spaces from a deformation point of view. In
particular, the study of field theory on NC spaces requires introduction of higher–order
forms, vector fields, the Lie and inner derivative, the Hodge ∗–operator and an integral.
For a general Lie algebra type NC space, these problems will be considered elsewhere.
Appendix
Lemma 1. The system of differential equations
n∑
α=1
∂Fab
∂∂α
ψ(C)λα =
m∑
c=1
KaλcFcb, 1 ≤ a, b ≤ m, (108)
where Fab = Fab(∂) is a formal power series satisfying the initial condition Fab(0) = δab,
has a unique solution Fab(∂) = (e
K)ab.
Proof. Multiplying Eq. (108) by ∂λ and summing over λ we obtain
n∑
α=1
∂Fab
∂∂α
( n∑
λ=1
ψ(C)λα∂λ
)
=
m∑
c=1
KacFcb (109)
where Kac =
∑n
λ=1Kaλc∂λ. Expanding ψ(C) into power series and using antisymmetry
of the structure constants, Cµνλ = −Cνµλ, we find that
∑n
λ=1 ψ(C)λα∂λ = ∂α. Thus, Eq.
DIFFERENTIAL CALCULUS ON THE LIE AGLEBRA TYPE NONCOMMUTATIVE SPACES 21
(108) becomes
n∑
α=1
∂Fab
∂∂α
∂α =
m∑
c=1
KacFcb. (110)
Consider the function Fab(t∂), t ∈ R. We note that Eq. (110) can be written as
d
dt
Fab(t∂) =
m∑
c=1
Kac Fcb(t∂) (111)
when both sides of Eq. (111) are evaluated at t = 1. Hence, it suffices to find a solution
of Eq. (111) with initial condition Fab(0) = δab. We look for the solution as a power series
in t,
Fab(t∂) =
∞∑
k=1
F
(k)
ab (∂) t
k. (112)
The initial condition implies F
(0)
ab = δab. Substituting Eq. (112) into (111) and equating
terms with like powers of t we obtain a recurrence relation for F
(k)
ab ,
F
(k)
ab =
1
k
m∑
c=1
Kac F
(k−1)
cb , k ≥ 1. (113)
The solution of the recurrence relation is given by
F
(k)
ab =
1
k!
(Kk)ab, k ≥ 1, (114)
which yields Fab(t∂) = (e
tK)ab. Hence, the solution of Eq. (108) with Fab(0) = δab is given
by Fab(t∂) |t=1= (e
K)ab. As a result, we have proved the identity
n∑
α=1
∂
∂∂α
(eK)ab ψ(C)λα =
m∑
c=1
Kaλc(e
K)cb. (115)

Lemma 2. Let φ : Aˆ(n,m) → Aˆ(n,m) be the transformation defined by φ(u) = SuS
−1 where
S = exp
(∑m
a,b=1 ξ˜a q˜b(lnM)ba
)
. Then the generators of Aˆ(n,m) transform according to
Eqs. (77)–(78).
Proof. Denote Q = lnM and let P =
∑m
a,b=1 ξ˜a q˜bQba. For any u ∈ Aˆ(n,m) we have
φ(u) = ePue−P =
(
I +
∞∑
k=1
1
k!
adk(P )
)
u. (116)
If u = ξ˜c, one can show by induction that ad
k(P )ξ˜c =
∑m
b=1 ξ˜b(Q
k)cb, k ≥ 1, which yields
φ(ξ˜c) =
m∑
b=1
ξ˜b(e
Q)cb =
m∑
b=1
ξ˜bMcb. (117)
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Similarly, adk(P )q˜c = (−1)
k
∑m
b=1 q˜b(Q
k)bc, k ≥ 1, which implies
φ(q˜c) =
m∑
b=1
q˜b(e
−Q)bc =
m∑
b=1
q˜b(M
−1)bc. (118)
The transformation of ∂˜µ is trivial since φ(∂˜µ) = ∂˜µ. In order to find the transformation
of x˜µ, one verifies by induction that
adk(P )x˜µ = (−1)
k
m∑
a,b=1
ξ˜a q˜b
(
adk−1(Q)
∂Q
∂∂˜µ
)
ba
, k ≥ 1 (119)
(where ad0(P ) = id). As a result, we find that
φ(x˜µ) = x˜µ +
m∑
a,b=1
ξ˜a q˜b
[
∞∑
k=0
(−1)k
(k + 1)!
adk(P )
∂Q
∂∂˜µ
]
ba
. (120)
The series in Eq. (120) can be evaluated by using F. Schur’s formula
d
dt
eA = eA
I − e−ad(A)
ad(A)
dA
dt
(121)
which implies
e−A
d
dt
eA =
∞∑
k=0
(−1)k
(k + 1)!
adk(A)
dA
dt
. (122)
Using Eq. (122) we find that expression (120) is explicitly given by
φ(x˜µ) = x˜µ +
m∑
a,b=1
ξ˜a q˜b
(
e−Q
∂eQ
∂∂˜µ
)
ba
= x˜µ +
m∑
a,b=1
ξ˜a q˜b
(
M−1
∂M
∂∂˜µ
)
ba
. (123)

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